Abstract The theory of slow backward-wave amplifications is developed based on electron cyclotron maser (ECM) mechanism employing an initially rectilinear beam. A nonlinear evolution equation is derived to describe the electron energy. Numerical calculations show that the saturated interaction efficiency in this system may exceed 20%, and the saturated interaction length spans 3-6 centimeters. The distinctive interaction mechanism is promising for the design of compact backward microwave amplification devices. Numerical studies are also presented for the slow-wave ECM efficiency with inclusion of Gaussian beam electron velocity spread. It is shown that the velocity spread reduces the interaction efficiency.
Introduction
The study of relativistic electron beam interaction with electromagnetic waves has fundamental importance for coherent radiation from millimeter to micron band of electromagnetic spectrum. The coherent radiation has many practical applications in plasma heating, materials processing and photolithography, radar systems, and particle accelerations [1−4] . There are numerous types of devices that can produce coherent radiations driven by relativistic electron beams, such as ECM, cyclotron auto resonance masers (CARM) and free electron lasers (FEL) [5−8] . In gyrotron and its variants which are based on ECM or CARM, the hollow electronic beam guided by a strong magnetic field gyrates and goes forward, while the beam simultaneously interacts with the fast electromagnetic wave and the radiation is produced by decelerating the rotational component of beam velocity. In FEL, the initial rectilinear beam guided by a periodic magnetic field is also interacting with a fast wave, and there is no need for a metallic structure. Thus the high power coherent radiation it produces spans a wide electromagnetic spectrum.
In contrast to these fast wave devices that are very sensitive to beam velocity spread or need a rather complicated guiding magnetic field, the slow wave ECM, which is exploiting an initially axial beam guided by a uniform magnetic field, has some distinctive advantages. First, the high beam quality is much easier to be achieved by Pierce electron guns compared with gyrating electrons produced by magnetron injection guns in gyro-devices, and the beam can be guided easily by a solenoidal magnetic field. Secondly, there is no need for an ultra relativistic electron beam in slow wave ECM. Thirdly, a substantial frequency up-shift can be obtained by appropriate arrangements of the initial electron energy and the guiding magnetic field. The interesting characteristics of slow wave ECM have attracted immense research interests experimentally as well as theoretically [9−16] . In 1979, an experiment was performed on slow wave ECM with a dielectric-loaded structure [9] . In another experiment on a slow wave oscillator, the frequency shift 30% down and 150% up were measured with respect to the electron cyclotron frequency [10] . The linear analyses of the instability of the slow wave ECM amplifiers were presented in Refs. [11] [12] [13] , and the nonlinear dynamics or the estimates of the interaction efficiency had been presented in Ref. [14] . Nusinovich et al. had proposed a theoretical model of the slow wave ECM using a strip line with a tapered width [15] . Most recently, the self-consistent nonlinear theory of slow wave ECM had been developed [16] . Our paper is constructed as follows. In section 2, we will elaborate in detail the nonlinear interaction of a rectilinear relativistic electron beam with a backward- * supported by National Natural Science Foundation of China (Nos. 11275007 and 11175023), the Program for Liaoning Excellent Talents in University (LJQ2012098) wave in a uniform guiding magnetic field, and a nonlinear differential equation will be developed to describe the beam electron energy. And we will also present the interaction efficiency with inclusion of Gaussian beam electron velocity spread. In section 3, we firstly present simulations for the dependence of the interaction efficiency on various input parameters, and then perform numerical calculations of the interaction efficiency with consideration of Gaussian beam electron velocity spread. Finally, a short conclusion and discussion are given in section 4.
General formulation
We suppose that a slow electromagnetic wave propagates along the negative z direction along a uniform guiding magnetic field B 0 . The wave and the guiding field can be written as
Here E is the wave amplitude, ω the angular frequency, k the wave vector, n the refractive index of the medium, e x , e y , and e z the unit vectors along the x-, y-, and z-axis, respectively. Assume that the electron moves initially along the negative z-axis and satisfies |v z | > v ph . Then the transverse force acting on the electron is F ⊥ = eE (|v z |/v ph − 1), due to the electric and magnetic field, where v ph = c/n is the velocity of light in the medium. As the electron moves in the direction of electric field, the backward-wave is amplified. The equations describing the electron motion and the energy change in the above mentioned electromagnetic fields are
Here c is the velocity of light in vacuum, e the absolute value of electron charge, p = m 0 γ v the electron momentum, m 0 the rest mass of the electron, γ = 1 1 − v 2 c 2 1/2 the relativistic factor, and W = m 0 γc 2 the electron energy. The components of Eqs. (3) and (4) can be expressed as dp
(8) Here, Ω = eB 0 /m 0 γc is the electron cyclotron frequency. According to Eqs. (7) and (8), we have the motion constant
The subscript 0 in Eq. (9) indicates the initial values. By Eq. (9), we deduce that
where
where σ (t) = t 0 Ω (τ )dτ is the electron cyclotron angle.
The formal solutions of Eqs. (5) and (6) are
1/2 is the initial transverse momentum of the electron, and α = arctan (p y0 /p x0 ).
Substituting Eqs. (12) and (13) into Eq. (7), we have
where θ 0 = kz 0 + α is the initial angle between the electron transverse velocity v ⊥ and the electric field E.
We
Differentiating Eq. (14) with respect to t, we have
We multiply Eq. (15) 
Again, multiply Eq. (17) by γdγ/dt, and integrate the result from 0 to t. Notice that (dγ/dt) t=0 = −eEv ⊥0 × cos θ 0 /m 0 c 2 , we have finally
in which Γ = γ/γ 0 . What we get, namely Eq. (18), describes the energy evolution of the electron that has arbitrary initial velocity and interacts with the backward-wave. But it cannot be solved analytically. For the purpose of coherent backward-wave amplification, we will present some numerical calculations of the interaction efficiency
under the resonance condition
However, for a practical wave amplification process, we must take into consideration the initial velocity spread of beam electrons. We assume that the beam electrons satisfy a normalized Gaussian distribution function
where v 0 is the resonance velocity. Then the averaged interaction efficiency with inclusion of velocity spread can be calculated from Eq. (18) as
Here η (V, t) = −(γ − Γ)/(Γ − 1) and Γ = 1 1 − V 2 c 2 1/2 . In the above mentioned Gaussian distribution function, the constant parameter α denotes the velocity spread factor.
Numerical calculations
The interaction efficiency η is given in Fig. 1 as functions of interaction time t. For both lines, E = 500 Statvolt/cm, n = 1.5, B 0 = 5000 Gauss. For the square line, the wave frequency is set as f = 60 GHz, γ 0 = 1.55699, and for the circle line f = 30 GHz, γ 0 = 1.82661. In Fig. 2 , the interaction efficiency is shown as functions of interaction length, correspondent to Fig. 1. From Fig. 1 and Fig. 2 , we can see that the saturated efficiency approaches 21.5% for f = 30 GHz at the interaction length of 5.0 cm, and 14.3% for f = 60 GHz at the interaction length of 4.0 cm. Numerical results indicate that the saturated efficiency for the circle line is larger than that for the square line. This is attributed to the fact that the electron cyclotron frequency in the square line is higher than that in the former. Consequently, in the circle line, the relative angle between the transverse velocity of the electron and electric field approaches π/2 in a longer time, thus transferring more energy to the microwave. Fig.1 The interaction efficiency vs. interaction time t. For both lines, E = 500 Statvolt/cm, n = 1.5, B0 = 5000 Gauss. For the square line, the wave frequency is set as f = 60 GHz, and for the circle line f = 30 GHz Fig.2 The interaction efficiency vs. interaction length. The interaction parameters are the same as used in Fig. 1 We also present the dependence of the efficiency for various spread parameters α in Fig. 3 and Fig. 4 . The interaction efficiency in Fig. 3 and Fig. 4 is plotted as functions of interaction time for different values of velocity spread parameter for the wave frequency of f = 60 GHz and f = 30 GHz, respectively. And the other initial input parameters are the same as that of Fig. 1. From Fig. 3 and Fig. 4 , we can see that the saturated efficiency of the wave frequency f = 60 GHz for the spread parameters α = 0 (the resonance interaction), α = 0.01, α = 0.02, and α = 0.03 is 14.3%, 14.2%, 13.3%, 11.6%, respectively, and the saturated efficiency of the wave frequency f = 30 GHz for the same spread parameters is 21.5%, 19.0%, 18.0%, 16.0%, respectively. This suggests that the velocity spread will lead to a slight decrease of interaction efficiency.
To verify the theory, we perform a Particle-In-Cell simulation with software VSim [17] . When the velocity spreading is zero, we can plot the instant phase space distribution of all particles for different injection time. The distribution will construct a phase space line which is equal to the single particle trajectory by single particle theory. The disturbances and errors will cause the phase space spreading from the trajectory. So we can analyze the phase space spreading of the particle from .4 The interaction efficiency for the wave frequency f = 30 GHz vs interaction time with inclusion of Gaussian velocity spread. The other input parameters are the same as used in Fig. 1 the ideal trajectory to check the accuracy of the single particle theory. The simulation result showed perfect match to the theory and we omitted the figure for brevity. When the velocity spread becomes not zero, the phase space distribution will show the corresponding spreading. Then we can verify qualitatively the spread near the turning point to check the upper single particle trajectory plus spreading theory. The typical simulation results with velocity spreading are shown in Figs. 5 and 6. In these simulations, we take α = 0.02 and f = 30 GHz . The other parameters are the same as used in Fig. 1. In Fig. 5 , we show the distribution of γv z vs −z. The results showed good agreement with the theory: the normalized momentums γv z decreased in the first stage and increased when the particles crossover the turning points. In Fig. 6 , we show the phase space distribution (γv x , γv y , γv z ) of the electrons. The spiral structure of the particle momentums can be seen in it. For α = 0.02, we can see that the velocity spreads are not greatly disturbing the particle phase space distributions and the theory are effective. 
Conclusions and discussions
In summary, the nonlinear single particle theory has been presented for a rectilinear beam interacting with the backward-wave in a guiding magnetic field. We have also found the nonlinear energy evolution equation of the electron and performed numerical calculations for the interaction efficiency in the proposed system. The numerical results show that the saturated efficiency is not sensitive to the beam electron velocity spread. These advantages suggest potential applications to the design of compact backward microwave amplification devices.
